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This paper presents a mathematically rigorous synthesis of Fisher’s Quantity 

Theory (MV=PT) and the Cambridge cash-balance approach (Md  =  kPY). 

We derive formal conditions under which the two representations are 

algebraically equivalent, embed both in a micro founded Baumol–Tobin 

money-demand model with uncertainty, and integrate the results into a log-

linearized New Keynesian DSGE framework to analyze monetary policy 

transmission. We provide proofs, comparative-statics results, and empirical 

strategies based on cointegration and VAR identification. Our presentation 

emphasizes clear, numbered propositions and lemmas and cites recent peer-

reviewed work throughout. Key implications for velocity, money demand 

elasticities, and policy design are discussed. [1][2][3] 

 

1. INTRODUCTION 

Two dominant formulations of the relationship between 

money and nominal activity coexist in the literature. 

Fisher’s classical formulation expresses a flow identity, 

MV = PT, where M is nominal money, V velocity, P the 

price level, and T transactions. The Cambridge approach 

expresses money demand as a share of nominal 

income,Md  =  kPY, with k the cash-balance ratio and Y 

real income. This paper formalizes the equivalence and 

differences between the representations, clarifying the role 

of velocity as either primitive or derived, and deriving 

microfoundations for k from an inventory-theoretic model. 

Recent complementary work motivates our approach 

[1][2][4].  
 

2. ALGEBRAIC EQUIVALENCE: FISHER AND 

CAMBRIDGE 
 

We begin with a minimal algebraic assumption linking 

transactions and output. Let transactions be proportional to 

real output:Tt  = α Yt , with α > 0 . Substituting into 

Fisher yields Mt Vt  =  Pt  α Yt. Rearranging gives  Mt  =

 ( 
α

 Vt
) Pt Yt.   Define kt  =

α

Vt
 so that Mt  =  kt Pt Yt.  If 

velocity is constant or determined by microfoundations, we 

obtain the Cambridge form with constant k. Proposition 1 

formalizes this. 

Proposition 1. Under proportional transactions Tt =

α Yt for constant 𝛼, Fisher’s identity is algebraically 

equivalent to the Cambridge money-demand relation with 

kt  =
α

Vt
.  Proof follows by substitution as above. [1] 

3. MICRO-FOUNDATIONS OF MONEY DEMAND: 

BAUMOL–TOBIN WITH UNCERTAINTY 

To derive k endogenously, consider a representative agent 

facing deterministic transaction flow rate Y but stochastic 

idiosyncratic shocks to liquidity needs. The standard 

Baumol–Tobin trade-off yields the optimal money balance 

–
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m∗  = √{
{2bY}

{i}
}  where b is the fixed transaction cost per 

conversion and “i” the nominal return on interest-bearing 

assets. Under aggregation and introducing precautionary 

demand driven by variance  σ2 , the aggregate money 

demand can be written as Md  =  c1 √{
{Y}

{i}
}    +

 c2
{σ2}

{i2}
  P Y, where constants 𝑐1, 𝑐2 depend on preference 

and shock distributions. This nests Keynesian and 

Baumol–Tobin motives; see [2][5] for related derivations. 

Lemma 1. Under weak regularity conditions, money 

demand is increasing in nominal income and decreasing in 

the opportunity cost of holding money (proxied by i). 

Comparative statics: 
𝜕𝑀𝑑

𝜕𝑌
> 0,   

𝜕𝑀𝑑

𝜕𝑖
< 0     

4. EMBEDDING IN A LOG-LINEAR NEW KEYNESIAN 

FRAMEWORK 

We now embed the microfounded money-demand relation 

into a standard New Keynesian model with sticky prices. 

Log-linearize around steady state: denote lower-case as log 

deviations. The money-demand relation becomes  mt  −

 pt  =  yt  − η it  +  ut, where 𝜂   is the semi-elasticity of 

money demand to the nominal interest rate and  𝑢𝑡   shocks 

term capturing velocity/micro shocks. Combine with IS 

and Phillips curve: 

IS:yt  =  Et y{t+1}  − σ (it  −  Et \pi{t+1}   −  rt
n). Phillips 

curve: πt = β Et π{t+1}  + κ yt  +  et. Monetary policy can 

be represented by a money-supply or interest-rate rule. 

Using the money-market relation allows mapping money 

shocks into price and output dynamics; see [3][6][7]. 

5. IDENTIFICATION AND EMPIRICAL STRATEGY 

Empirical evaluation proceeds in two stages. First, test 

cointegration between nominal money, price level, and real 

output to assess long-run Fisher/Cambridge relations 

(Johansen tests). Second, estimate a reduced-form VAR 

including mt, pt, yt, it  and identify money-supply shocks 

via a combination of long-run restrictions and sign 

restrictions; alternatives include narrative identification for 

exogenous money shocks. We follow methods in 

[1][3][8][9]. 

Econometric specification (log variables):Xt  =

 (mt, pt, yt, it)′. Estimate VAR(p) with constant; perform 

Johansen test for cointegrating vectors, test whether a 

single cointegrating relation consistent with m - p - y = 

const holds, and recover long-run elasticities. 

6.  RESULTS (STYLIZED / EXPECTED) 

The theoretical algebraic equivalence implies that 

estimated long-run cointegrating vectors should be 

consistent with both Fisher and Cambridge when 

transactions are proportional to output. Micro foundations 

predict that k will vary with the interest rate and 

uncertainty, producing time variation in velocity. Empirical 

findings in recent studies align with these predictions: 

velocity exhibits secular trends explained by changing 

interest rates and financial innovation, while long-run 

cointegration between money, prices, and output is 

frequently not rejected at conventional significance levels 

[1][2][5][10]. 

7. POLICY IMPLICATIONS 

If  𝑘𝑡 is endogenous and sensitive to interest rates and 

uncertainty, then changes in monetary policy that alter the 

opportunity cost of holding money will influence velocity 

and thus the short-run mapping from money to prices. 

Relying on a fixed-velocity interpretation is therefore risky 

for policy design. The DSGE embedding shows that 

money-supply shocks can generate both inflationary and 

output responses depending on the state of nominal 

rigidities and the strength of interest-rate effects on money 

demand [3][6][11]. 

8. CONCLUSION 

This manuscript provides a compact but rigorous synthesis 

of Fisher and Cambridge perspectives, derives micro 

foundations for the Cambridge cash-balance parameter, 

and embeds the results in a standard macro framework for 

policy analysis. Our formal treatment clarifies when and 

why the two approaches are observationally equivalent and 

highlights empirical strategies to distinguish mechanisms. 

Future work should extend the stochastic heterogeneous-

agent setting and provide comprehensive empirical 

application to multiple countries. [2][5][12] 

Appendix A: Proofs 

Proof of Proposition 1:   

Since  Tt = α Yt and Fisher’s identity Mt Vt  =

Pt Tt   substitute to obtain    Mt Vt   =

 Pt α Yt.   Solve for Mt  = (
α

Vt
) Pt Yt and define  kt  =

α

Vt
.  . 

Proof of Lemma 1: Standard comparative statics from the 

Baumol–Tobin FOC yield  m∗  = √{
2bY

i
}  so 

∂m∗

∂Y
 >

0  and  
∂m∗

∂i
< 0. Aggregation preserves the signs under 

standard regularity conditions. 
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